



















SYMMETRIC IDENTITIES FOR AN ANALOGUE OF CATALAN
POLYNOMIALS
TAEKYUN KIM, DAE SAN KIM, AND JONG-JIN SEO
Abstract. In this paper, we consider an analogue of Catalan polynomials
and give some identities of symmetry for those polynomials by using fermionic
p-adic integrals on the ring of p-adic integers.
1. Introduction
Let p be an odd prime number. Throughout this paper, Zp, Qp and Cp will
denote the ring of p-adic integers, the field of p-adic rational numbers, and the
completion of the algebraic closure of Qp. The p-adic norm |·|p is normalized as
|p|p = 1p . Let f be a continuous function on Zp. Then the fermionic p-adic integral
of f on Zp is defined by Kim
∫
Zp









f (x) (−1)x , (see [6–10, 13, 14]) .




f1 (x) dµ−1 (x) +
∫
Zp
f (x) dµ−1 (x) = 2f (0) ,
where f1 (x) = f (x+ 1), (see [6–10, 13, 14]).




f (x+ n) dµ−1 (x) + (−1)n−1
∫
Zp
f (x) dµ−1 (x) = 2
n−1∑
l=0
(−1)n−1−l f (l) ,
where n ∈ N, (see [6–10, 13, 14]).




















n+1 , (n ≥ 0).











n, (see [1–5, 11, 12, 15, 16]).
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Thus, by (1.4) and (1.5), we get








S1 (m, j) (−4)m Cn−m
m!
,
where S1 (m,n) is the Stirling number of the first kind.




1 + (1− 4t)w2





From (1.7), we note that Cn,1 (x) = Cn (x).
When x = 0, Cn,w = Cn,w (0) are called w-Catalan numbers.
From (1.2), we note that∫
Zp
(1− 4t)w2 (x+y) dµ−1 (y) = 2







where t ∈ Cp with |t|p < p−
1
p−1 .
In particular, for w = 1, we have∫
Zp
(1− 4t)x+y2 dµ−1 (y) = 2







For k ≥ 0, d, w ∈ N with d ≡ 1 (mod 2), w ≡ 1 (mod 2), we define the function
Sk,d (w − 1) as follows:









When d = 1,









In this paper, we give some identities of symmetry for the w-Catalan polynomials
which are derived from the fermionic p-adic integrals on Zp.
2. Identities of symmetry for the w-Catalan polynomials











Cn (x) , (n ≥ 0) .
For d ∈ N with d ≡ 1 (mod 2), we have∫
Zp
(1− 4t)x+d2 dµ−1 (x) +
∫
Zp
(1− 4t)x2 dµ−1 (x)(2.2)








































Therefore, by (2.3), we obtain the following theorem.
Theorem 1. For n ≥ 0, d ∈ N with d ≡ 1 (mod 2), we have










Now, we observe that, for any d ∈ N,∫
Zp
(1− 4t)x+d2 dµ−1 (x) +
∫
Zp




(1− 4t) d2x dµ−1 (x)
∫
Zp
(1− 4t)x2 dµ−1 (x) .




(1− 4t) d2 x dµ−1 (x) = 2






Let w1, w2 ∈ N with w1 ≡ 1 (mod 2), w2 ≡ 1 (mod 2).




























Now, we also consider the following fermionic p-adic invariant integral on Zp
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From (2.3), (2.4), we note that, w1, d ∈ N with w1 ≡ 1 (mod 2),∫
Zp


























Sk,d (w1 − 1) (−4)k tk.





































(−4)n−l Cl,w1 (w2x)Sn−l,w2 (w1 − 1)
)
tn.






































(−4)n−l Cl,w2 (w1x)Sn−l,w1 (w2 − 1)
)
tn.
Therefore, by (2.9) and (2.10), we obtain the following theorem.




(−4)n−l Cl,w1 (w2x)Sn−l,w2 (w1 − 1) =
n∑
l=0
(−4)n−l Cl,w2 (w1x)Sn−l,w1 (w2 − 1) .
Let w1 = 1. Then we have
(2.11) Cn,1 (w2x) =
n∑
l=0
(−4)n−l Cl,w2 (x)Sn−l,1 (w2 − 1) .
Therefore, by (2.11), we obtain the following corollary.
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(−4)n−l Cl,w2 (x)Sn−l (w2 − 1) .
When x = 0 in Theorem 2, we have the following corollary.




(−4)n−l Cl,w1Sn−l,w2 (w1 − 1) =
n∑
l=0
(−4)n−l Cl,w2Sn−l,w1 (w2 − 1) .

















































































































































Therefore, by (2.12) and (2.13), we obtian the following theorem.
6 TAEKYUN KIM, DAE SAN KIM, AND JONG-JIN SEO






















Setting w2 = 1 in Theorem 5, we get the multiplication– type formula for the
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